
Abstract Nearly linear current-voltage curves are fre-
quently found in biological ion channels. Using the drift
limit of the substantially non-linear Poisson-Nernst-Planck
equations, we explain such behavior of diffusion-con-
trolled charge transport systems. Starting from Gauss’ law,
drift, and continuity equations we derive a simple analyt-
ical current-voltage relation, which accounts for this devi-
ation from linearity. As shown previously, the drift limit
of the Nernst-Planck equation applies if the total electric
current is dominated by the electric field, and integral con-
tributions from concentration gradients are small. The sim-
ple analytical form of the drift current-voltage relations
makes it an ideal tool to analyze experiment current-volt-
age curves. We also solved the complete Poisson-Nernst-
Planck equations numerically, and determined current-
voltage curves over a wide range of voltages, concentra-
tions, and Debye lengths. The simulation fully supports the
analytical estimate that the current-voltage curves of sim-
ple charge transport systems are dominated by the drift
mechanism. Even those relations containing the most ex-
tensive approximations remained qualitatively within the
correct order of magnitude.
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Introduction

The Nernst-Planck equation (Sze 1981; Hoppe et al. 1982;
Buck 1984; Cooper et al. 1985; Rubinstein 1990; Hille
1992) is often used as a starting point to describe diffu-
sion-controlled ion transport. Permanent charges form the

channel walls, and mobile ions generate an electric field
that superimposes on the electric field created by the ex-
ternal voltage V. Consequently, Gauss’ law or the equiva-
lent Poisson equation (Jackson 1962) must also be satis-
fied. Implicitly, the conservation of the number of perma-
nent ions is generally assumed. If pairing occurs, associa-
tion and dissociation of oppositely charged ions, a pairing
term has to be taken into account (Lampert and Mark 1970;
Buck 1984). The Poisson or Gauss, Nernst-Planck, and
continuity equations (PNPC) represent a general frame-
work to explain ion transport through biological ion chan-
nels. Despite the complexity of the PNPC equations, many
experimental diffusion-controlled charge transport sys-
tems display rather simple, close to linear current-voltage
curves.

The drift current-voltage relations presented in this ar-
ticle are rather general; they apply to biological ion chan-
nels and ion exchange membranes as well as to semicon-
ductors. Table 1 compares the terminologies introduced
into the different fields where the PNPC theory is used to
describe diffusion-controlled charge transport. This table
is an extension to the one given by Rubinstein (1990) to
translate between semiconductors and ion exchange mem-
branes. The terminology and examples used in this article
are taken from the field of biological ion channels.

The PNPC equations represent a set of coupled, non-
linear differential equations for which a general analytic
solution is not available. Particular solutions exist, how-
ever, for certain limiting situations, e.g., for short or long
systems. In a short system the screening length l, e.g., the
Debye length lDH, is large compared to the system length
(L O l). A well-studied short system theory was proposed
by Goldman, Hodgkin and Katz (GHK theory) (Goldman
1943; Hodgkin and Katz 1949; MacGillivray and Hare
1969; Cooper et al. 1985; Hille 1992) to describe ion per-
meation through biological ion channels. The central char-
acteristic of short systems is that the charge carriers do not
interact with each other, because they leave the channel be-
fore such an interaction can occur. In long systems with
L > l the behavior of mobile charge carriers is determined
by strong mutual interactions. Except for a boundary layer
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of thickness l between inhomogeneous interfaces, the
system is internally close to electroneutral (MacGillivray
1967; Mafé et al. 1987; Barcilon et al. 1997; Chen et al.
1997). To describe charge transport through biological ion
channels, often Eyring’s absolute rate theory (Eyring et al.
1949; Laidler and King 1983; Hille 1992) or Kramers’ the-
ory (Kramers 1940; Cooper et al. 1985; Weiss 1986) are
used where ion permeation is assumed to be determined by
the presence of a few barriers and binding sites. In those
theories the electrostatic interactions between permeant
ions and permanent charges at the channel walls are gen-
erally not correctly taken into account (Eisenberg 1996;
Nonner et al. 1998; Syganow and von Kitzing 1999).

Analytical solutions for long biological ion channels as-
suming negligible ion pairing (PNP) (Peskoff and Bers
1988; Levitt 1991a) are given in the limit of weak electric
fields (lDH E O RT/F). Approximate analytical solutions
are constructed using singular perturbation methods (Mac-
Gillivray 1967; MacGillivray and Hare 1969; Barcilon et
al. 1997; Park and Jerome 1997). The majority of calcula-
tions apply numerical methods (Offner 1971; Buck 1984;
Mafé et al. 1986; Peskoff and Bers 1988; Levitt 1991b;
Chen et al. 1992; Nonner and Eisenberg 1998). Brownian
dynamic calculations represent an even more detailed pic-
ture of ion permeation (Ermak and McCammon 1978;
Cooper et al. 1985; Bek and Jakobsson 1994; Chung et al.
1998). Numerical simulations have an advantage because
they apply to complicated, realistic systems. They invent
a minimal number of approximations; therefore numerical
methods generally give the most reliable results. Comput-
ers are widely available; consequently those numerical ap-
proaches appear to be the most reasonable choices to study
biological ion channels.

Numerical solutions, however, have a big disadvantage.
It is not possible to distinguish between special and gen-

eral properties of a model in order to understand the over-
all behavior of a certain class of ion channels and to derive
the respective general rules. In addition, the number of free
parameters seldom allows a scanning of the whole param-
eter space. On the other hand, approximate analytical so-
lutions are often not sufficiently accurate to provide pre-
cise numbers, but at least they show qualitatively, often
even quantitatively, the important kinds of solutions for a
given situation. They show the typical classes of solutions
of the problem under study. Particularly for the highly non-
linear PNPC equations it is important to understand the
typical modes of behavior. Only if one has a fairly reason-
able understanding of the kinds of solution to expect can
one guess from experimental current-voltage curves the
relevant ion transport mechanism, and can design the nec-
essary experiments to discriminate between different
mechanisms of ion transport.

We showed recently (Syganow and von Kitzing 1995)
that solutions of the PNPC equations can be classified into
three domains: the equilibrium domain, the diffusion do-
main, and the drift domain. In the drift domain the solu-
tions are dominated by the electric field, and the current-
voltage curves are close to linear. In this domain, the con-
tribution of concentration gradients to the electric current
density is small. It has been known for a long time in semi-
conductor physics that close to linear current-voltage
curves indicate a drift ion transport mechanism (Schottky
and Spenke 1939; Pekar 1941; Syganow and Swetchnikow
1981). Recently, drift approximation was proposed to ex-
plain ion permeation for long biological ion channels
(L > lDH) with nearly linear current-voltage curves (Sy-
ganow and von Kitzing 1995). For large external voltage
(V > RT /F), drift approximation represents the exact lim-
iting solution for the PNPC equations.

In this article we derive a simple analytical drift cur-
rent-voltage relation, the voltage as a second-order poly-
nomial of the electric current. We generalize the drift ap-
proximation derived by others to describe charge transport
in semiconductors (Schottky and Spenke 1939; Lampert
and Mark 1970; Syganow and Swetchnikow 1981; Sze
1981) to the fields of ion exchange membranes and bio-
logical ion channels. It is based on the drift limit of the
complete set of PNPC equations where the electric field
dominates the electric current. Under certain conditions
given below, the coefficients of this polynomial can be cal-
culated analytically. In the results section we apply the drift
approximation to simple physical models of ion transport
and compare the approximate analytical results with those
obtained from numerical solutions of the complete set of
PNPC equations. By means of the drift current-voltage re-
lation, certain parameters of simple ion transport systems
can be estimated directly from experimental data without
the need of complex numerical simulations. We show that
pairing is generally not negligible. The respective values
of the association rate constants are estimated using diffu-
sion limited reaction rate theory. In the discussion the as-
sumptions introduced in the theory are critically analyzed.
We discuss the importance of the continuity equation in the
PNPC theory.
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Table 1 Comparing PNPC terminology in different fieldsa

Biological Ion exchange Semicon-
ion channels membranes ductors

Charge transport Ion channel Membrane Semi-
medium conductor
Background Permanent Fixed charge Doping
charge density charge density density function
Negative back- Cation channel Cation p-Semi-
ground charge exchanger conductor
density
Positive back- Anion channel Anion n-Semi-
ground charge exchanger conductor
density
Positive mobile Cations Cations Holes
charge carriers
Negative mobile Anions Anions Electrons
charge carriers

a Gauss’ or Poisson’s law, Nernst-Planck, and continuity equations
(PNPC) are introduced independently in several fields of diffusion-
controlled charge transport. Each field developed its own terminol-
ogy. Here we compare some terms relevant for biological ion chan-
nels, ion exchange membranes, and semiconductors



Theoretical methods

In this section we derive the drift current-voltage relation
from Gauss’ law, the drift, and continuity equations. The
necessary condition to apply the drift approximation of the
Nernst-Planck equation was given previously (Syganow
and von Kitzing 1995). Although we repeatedly refer to
the particular situation inside biological ion channels, the
derivation of the drift current-voltage relation is entirely
general and contains no assumption which limits its valid-
ity to such special systems.

First we express the external voltage formally as a sec-
ond-order polynomial in the electric current. The coeffi-
cients of this polynomial, however, are still implicit func-
tions of the current. We derive conditions under which
these coefficients become constant. Finally, we present
limiting cases for which the coefficients of this polynomial
can be calculated analytically.

General basis for the drift approximation

In the drift approximation, ion fluxes are described by the
drift, Gauss’ or Poisson’s, and the continuity equations. In
the drift limit the influence of diffusion due to concentra-
tion gradients of permeant ions is small on integral quan-
tities such as current-voltage relations (Syganow and von
Kitzing 1995). The drift equation is given by:

where j is the total mean electric current density due to per-
meant ions (or any other kind of charge carriers) at the po-
sition r in space, σ (r) is the specific conductivity, E is the
mean electric field, and = is the three-dimensional spatial
derivative. In steady state the total current density is con-
served, i.e., charges are neither created nor destroyed.
Gauss’ law relates the electric field to the mean electric
charge density ρ (r):

where ε0 is the vacuum permittivity, ε the macroscopic di-
electric constant, and φ the potential of the mean electric
field E. Equation (2) represents the differential form of
Gauss’ law for isotropic macroscopic media; together with
the electric potential φ it leads to Poisson’s law. Finally,
we introduce the continuity equation:

where F is Faraday’s constant, R is the ion pairing inten-
sity, the rate of ion pairing in a unit volume, and jp and jn
are the electric current densities of cations and anions, re-
spectively. The continuity Eq. (3) accounts for ion pairing,
i.e., the association and dissociation of oppositely charged
permeable ions (Bockris and Reddy 1970; Oelkers and
Helgeson 1993). For a vanishing ion pairing intensity R ,

2 3F n p p nR ( )        ( )r j j j j j= − = += = and

= =E
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ε ε
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the continuity equation indicates the conservation of ion
numbers. As shown below, pairing influences the dynam-
ics of ion transport even if the concentration of pairs re-
mains negligible. In Eq. (3), only two monovalent ion spe-
cies are considered; however, this approach can be ex-
tended to any number of species and any combination of
valencies.

The electric voltage V along the channel axis and the
electric current I through the channel generally can be
measured experimentally. It is therefore useful to express
the complex behavior of Eqs. (1)–(3) in terms of I and V.
They can be obtained by integrating the electric field E
along the channel and the current density j over the
channel’s cross-section, respectively:

where L is the length of the channel, S is the local cross-
section of the channel, and n is the vector normal to the
surface element. To be able to obtain analytical results we
confine our analysis to the one-dimensional version of Eqs.
(1)–(3). Therefore, our calculations apply to “sufficiently”
one-dimensional systems such as permeable membranes,
or cylindrical channels where the effective length L of the
channel exceeds its diameter (see Fig. 1).

Drift current-voltage relations

In this section we integrate the three fundamental Eqs.
(1)–(3) to obtain a formally simple drift current-voltage
relation which can directly be compared with numerical
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Fig. 1 Biological ion channels are proteins embedded in lipid mem-
branes with a low dielectric constant (εC O εS). The permeability for
ions of these channels is regulated, e.g., by a neurotransmitter or by
the voltage difference across the membrane (Hoppe et al. 1982; Hille
1992). For instance, the acetylcholine receptor channel transmits the
excitation of the neuron to the muscle fiber. The walls of the chan-
nel pore often contain charged amino acid side chains. Here, the 
channel is assumed to be long compared to its diameter. The terms
“inside” and “outside” specify the situation in the living cell, to the
cytoplasmatic and extra-cellular sides of the cell, respectively. As
indicated by the arrow, the electric current is defined to be positive
if cations leave the cell



solutions of the full Poisson-Nernst-Planck equations
(PNP) or experimental current-voltage curves. In the drift
Eq. (1), the electric field E inside the channel is given as
a function of the position z along the channel axis. By
means of Eq. (1) the electric field E is redefined as func-
tion of the specific conductivity σ. We differentiate Eq.
(1), apply the conservation of total electric charge dj/dz = 0,
and replace E by j/σ :

Analogously, the position z inside the channel can be ex-
pressed in terms of the specific conductivity σ. We resolve
Gauss’ law (2) for dz and replace dE by the previous re-
sult:

A z (σ) relation can be obtained from Gauss’ law (2) as
well as from the continuity Eq. (3). After introducing the
specific cation and anion conductivities, σp and σn , respec-
tively, with σ =σp +σn , the drift equations for individual
ions takes the form: jp/n =σp/n E. Now we rewrite the con-
tinuity Eq. (3):

where we define the specific conjugate conductivity
σ̃ =σp –σn . E and dE in this expression are substituted us-
ing the drift Eq. (1) or its derivative given above. With the
prime ′ indicating the σ derivation d/dσ , this result leads
to a formulation of dz based on the continuity Eq. (3):

Equations (5) and (6) define a variable transformation: the
z dependence of the specific conductivity σ (z) is inverted
into z (σ). Such an inversion is only unique in intervals
where the σ (z) relation is monotonic. If σ (z) contains ex-
treme points we choose the inversion intervals such that
the specific conductivity is monotone within each interval.
In the example shown in Fig. 2, the specific conductivity
has a single extremum σE at zE, and the intervals for which
the specific conductivity is monotone are (zi , zE) and
(zE, zo). After variable transformation the charge density
ρ (z) and the pairing intensity R (z) are functions of the spe-
cific conductivity σ, i.e., ρ (σ) and R (σ ). For simplicity,
this dependence is omitted in the formulae.

To obtain a drift current-voltage relation, we integrate
dz and E dz, leading to the channel length L and the exter-
nal voltage V, respectively. This integration is performed
using both formulations of dz in Eqs. (5) and (6). The
electric field E is substituted using the drift Eq. (1):
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where σ i and σo are specific conductances at the channel
boundaries, as indicated in Fig. 2. Because we replace dz
by its drift approximation, these relations are not exact but
apply in the drift limit.

From the equations for the channel length L and the volt-
age V, we derive the drift current-voltage relation. First we
consider a linear relationship. For long homogeneous chan-
nels at equilibrium, the specific conductivity is close to the
equilibrium specific conductivity σQ. Consequently, the
respective current-voltage relation has the form of Ohm’s
law: V = jL /σQ. By introducing Ohm’s law into the volt-
age in Eq. (7), we formulate the limiting form of the cur-
rent-voltage relation for long channels where the deviation
of the specific conductivity at zi and zo from the equilib-
rium conductivity σQ has a negligible influence on the
channel conductance Σ. Thus, the remaining integrals must
become small in this limit. Adding Ohm’s term jL /σQ to
the voltage V and substracting it using both integral forms
of L in Eq. (7) leads to the relation:
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Fig. 2 The specific conductivity profile for a simple charge trans-
port model, such as a biological ion channel (see Fig. 1). This curve
was taken from the numerical solution of the full Poisson-Nernst-
Planck equations with an external voltage of V = 150 mV and
L /lDH = 5 with the channel length L and a Debye length lDH. The equi-
librium specific conductivity of σQ corresponds to the conductivity
of very long channels. For instance, in the case of L /lDH = 20 the min-
imal specific conductivity σE deviates from σQ less than 1%. Here,
the specific conductivity σ (z) has a single minimum σE/σQ ≈ 5/4 at
zE. The channel region extends from the intracellular electrolyte so-
lution with a specific conductivity of σi /σQ = 4 at zi to the extracel-
lular solution at zo with σo/σQ = 5. The drift domain of the solution
of the PNPC set of equations prevails in the dotted interval. Because
the channel conductance is determined by the domain inside the chan-
nel where the conductivity is smallest, for the situation shown in this
figure, ion transport can be well approximated by a drift ion trans-
port mechanism (see results)



Formally, Eq. (8) represents the external voltage V as a sec-
ond-order polynomial of the current density j. The extreme
specific conductivity σE, which appears in the boundaries
of the path integral, generally is a function of the current
density. Consequently, the integrals in Eq. (8) still depend
on j, but σE becomes constant in the low current limit (see
below).

Now, we replace the current density j by the experimen-
tally accessible electric current I = Sj, and include the in-
tegrals in the characteristic current Ic. Thus, Ic describes
the deviation of the current-voltage relation from linear-
ity. This leads to the formally simple drift current-voltage
relation:

The diffusion voltage VD is not derived from drift approx-
imation (8), but from a more general approach (Syganow
and von Kitzing 1995), and it is added here for complete-
ness. The diffusion potential VD should not be mistaken for
the reversal potential VR(I = 0), because the approximation
of Eq. (9) applies only at large voltages. Σ is the drift con-
ductance of the channel. The characteristic current Ic
yields:

The characteristic current Ic is expressed either via the
characteristic charge density ρc or the characteristic 
pairing intensity R c representing the two integrals in Eq.
(8):

To calculate the characteristic charge density ρc or the char-
acteristic pairing intensity R c, we need ρ (σ) and R (σ) as
explicit functions in σ. Such explicit channel models are
considered below.

From the characteristic current Ic and the drift conduc-
tance Σ, we calculate the characteristic voltage. Inversion
of the current-voltage Eq. (9) leads to the current as a func-
tion of the external voltage:
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The characteristic voltage denotes the ion transport mech-
anism. Small characteristic voltages Vc ≈ RT /F indicate
equilibrium or diffusion solutions of the PNPC equations
(Syganow and von Kitzing 1995). Drift approximation,
however, predicts much larger characteristic voltages with
Vc oRT /F.

Characteristic current

By introducing Ohm’s law for long systems into the drift
current-voltage relation (9), we included all the difficult
parts of this relation in the characteristic current Ic. To cal-
culate Ic we first consider the limits of weak and strong
ion-pairing. This directly leads to explicit relationships
between the charge density ρ or the recombination inten-
sity R and the specific conductivity σ needed to estimate
the characteristic charge density ρc or the pairing intensity
R c. The calculation of the characteristic current can be fur-
ther simplified by using the fact that only one half of the
integrals of ρc and R c in Eq. (11) contribute significantly
in the drift limit (Syganow and von Kitzing 1995). For
electric currents below a critical current Ic*, the extreme
specific conductivity σE becomes independent of the cur-
rent I. This leads to a current-independent characteristic
current Ic.

Weak and strong ion pairing

To obtain simple relations between ρ, R , and σ, we intro-
duce the limits of weak and strong ion pairing. In Eq. (7)
the external voltage V and the channel length L are calcu-
lated either from a combination of the drift Eq. (1) and
Gauss’ law (2) or from a combination of the drift and con-
tinuity Eqs. (1) and (3). As long as no further approxima-
tions are introduced, both formulations are equivalent.
Equating dz/dσ in Eqs. (5) and (6) results in a first-order,
nonlinear differential equation relating the charge density
ρ (σ ) and the pairing intensity R (σ ):

For steady state homogeneous systems, Eq. (13) holds triv-
ially, because ρ and R vanish. Generally σ̃ –σ σ̃ ′ is non-
zero. We do not know any analytic solution for Eq. (13),
except for very long systems with a negligible equilibrium
specific conductivity (σQOσ ) (Parmenter and Ruppel
1959). One can, however, distinguish two limiting cases:
the quasi-neutral limit with ρ ≈ 0 and the space-charge limit
with R ≈ 0. Which of the two cases applies, depends criti-
cally on the actual model parameters determining pairing.

In the presence of anions and cations, the total charge
density ρ consists of positive ρp as well as negative con-
tributions ρn with ρ =ρp – ρn . If the two charge contribu-
tions are large but nearly cancel the quasi-neutral drift ion
transport mechanism dominates:

ρ ρ ρ ε ε
σ σ σp n F≈ =
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This condition implies that the total charge density is gen-
erally close to zero (ρ ≈ 0). Such electroneutrality condi-
tion was introduced by Planck (Planck 1890) a long time
ago. The total charge density becomes small for small as-
sociation rate constants kA which makes R small due to
R ∝ kA (see below). In this case the right hand side of this
equation will generally be small, implying a small total
charge density ρ. In semiconductor physics, this limit is
designated the recombination limited case (Stöckmann
1961; Lampert and Mark 1970).

Similarly, the pairing intensity R is composed of an 
association term R a and a dissociation term R d with
R =R a –R d. For large ion association rate constants kA
the association term R a and the dissociation term R d are
generally large. To match the charge density ρ in Eq. (13)
they must be similar in magnitude, because a large charge
density would be energetically unfavorable. Under this
condition the space-charge drift ion transport mechanism
is obtained:

In semiconductor physics, this limit is designated the
space-charge limited case (Stöckmann 1961; Lampert and
Mark 1970).

Starting from Eq. (13) we derived the quasi-neutral and
the space-charge ion transport mechanisms. Relations (14)
and (15), respectively, indicate one of those mechanisms.
For particular relations between the charge density ρ, the
ion pairing intensity R , and the cation p and anion con-
centrations n, these limiting situations lead to explicit ex-
pressions for ρ and R . Further below, we consider such
explicit models where approximate characteristic currents
Ic can be calculated analytically.

Simplifying the characteristic currents

The integrals in Eq. (8) are path-integrals and have to be
taken along the channel axis. In this article we consider
channels containing a single extremum σE of the specific
conductivity (see Fig. 2). This extremum at zE splits the
path-integrals into two halves. The integrals have to be
evaluated using the bounds of ∫σ i

σE and ∫σ E

σ o. This splitting
up of the integrals ∫σ i

σo for ρc and R c has the advantage that,
in the drift limit for each of the two limiting ion transport
mechanisms, one of the two parts of the integrals ∫σ i

σE or ∫σ E

σ o

becomes small and can be neglected. The choice which of
the two parts becomes small depends on the sign of the ex-
ternal voltage and the kind of the ion transport mechanism.
For strong pairing and positive external voltages the second
integral becomes small compared to the first one and can,
therefore, be neglected (Syganow and von Kitzing 1995):

Analogously, for weak ion pairing and positive external
voltages the first integral becomes small compared to the
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second one. For negative external voltages the opposite
choice for the integral boundaries must be taken.

The low current limit

In addition to an explicit relation between ρ, R , and σ, the
calculation of the characteristic current Ic requires esti-
mates for the extreme conductivity σE. Here we show that
for not too large currents I this extreme specific conduc-
tivity σE is close to the equilibrium specific conductivity
σQ inside the channel. We obtain this relation from the 
integral for the channel length L in Eq. (7). For a first 
estimate we use a first-order Taylor series of the charge
density ρ around the equilibrium specific conductivity σQ.
For particular models with explicit expressions for ρ (σ)
this approximation becomes unnecessary (see below).
With I = Sj and ρ (σ) ≈ ρ′Q(σ –σQ) the channel length L be-
comes:

The channel length is always positive; consequently, the
right hand side of this equation must also be positive.
Therefore, we can include all the constants in a positive,
critical current Ic*. If Ic* appears to be negative, L might
also be negative, and the choice of the boundary specific
conductivities should be reconsidered. For instance, for
negative currents the correct integral takes the form – ∫σ E

σo.
With the critical current the Taylor approximation of the
length integral can be rewritten:

At small electric currents with 2 | I | /Ic*O |σQ/σE –σQ/σ i | the
ln-term must become large such that the right hand side
yields unity. This in turn implies:

Consequently, the term σQ/σE –σQ/σ i can be neglected in
Eq. (16). Here we explicitly need that the critical current
Ic* is always positive. Otherwise, the ln-term would not
necessarily outweigh the other terms in Eq. (16). This leads
to an expression for σE as a function of the electric current
which applies for small currents (|I | < Ic*/2):
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The neglected term σQ/σE –σQ/σ i contributes at I ≈ Ic*/2
and above. When the total current I approaches the criti-
cal current Ic* the specific conductivity σ in the channel
becomes increasingly determined by its boundary values.
The minimal concentration σE starts to deviate consider-
ably from the equilibrium concentration σQ owing to in-
jected ions. Consequently, the characteristic current Ic in
the drift current-voltage relation (9) becomes independent
of the electric current in the limit of low currents
(| I | O Ic*/2). Because the minimal conductivity σE in Eq.
(17) depends exponentially on Ic*, the convergence towards
σQ is obtained rather quickly for |I | < Ic*/2. For negative
currents, σ i in Eq. (17) must be replaced by σo and the “–”
sign in the exponential function by “+”.

The quasi-neutral equivalent to the space-charge criti-
cal current Ic* is calculated analogously, yielding:

The order of the values of the characteristic current Ic and
the critical current Ic* are similar. The drift current-voltage
relation for positive Ic is unique only for – |Ic | < 2 I < + |Ic |.
Thus, the drift current-voltage relations limits the ampli-
tude of the electric current analogously as the critical cur-
rent Ic*. Below, we introduce explicit models ρ and R and
we calculate the critical current directly without the ap-
proximation of ρ ≈ ρ′Q(σ –σQ) and R ≈R ′Q(σ –σQ). In all
models of diffusion-controlled ion transport considered in
this article, the critical and characteristic currents are of
the same order of magnitude.

Characteristic charge density and pairing intensity

Thus, for electric currents below the critical current
(Ic*/2 o I), the extreme specific conductivity σE at zE is
close to the equilibrium specific conductivity σQ. Conse-
quently, the integrals for the characteristic charge density
ρc and the characteristic pairing intensity R c in Eq. (9) are
further simplified by replacing σE by σQ:

In the general case, the same characteristic current Ic is
obtained independent of whether the characteristic charge
density ρc or the characteristic pairing intensity R c in Eqs.
(9)–(11) are used. After introducing the limits for the
space-charge and quasi-neutral ion transport mechanisms,
either ρc or R c as defined in Eq. (19), respectively, must
be used to calculate Ic. After that limit has been applied,
the two versions of the characteristic current Ic differ, be-
cause the smaller term, R or ρ, is approximated by zero.
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Simple models for the ion permeation path

In this section we apply the drift current-voltage relation
given in Eqs. (9)– (11) to simple models of diffusion-con-
trolled ion transport. To keep the article short, only the sim-
plest possible models are analyzed. More complex mod-
els, e.g., including binding of ions to charged amino acid
side chain, can be calculated accordingly. To show the va-
lidity of our approximations, we compare the analytical re-
sult valid in the drift limit with numerical solutions of the
complete set of PNPC equations.

Below, first we set up the model equations expressing
σ, σ̃ , ρ, and R as functions of the cation p and anion con-
centrations n. The ion association rate constant kA, which
appears in the continuity equation, is estimated from mod-
ern reaction rate theories. Than we calculate the character-
istic current Ic for models assuming space-charge conduc-
tion mechanisms and compare it with numerical results.
Finally, we explore the quasi-neutral conduction mecha-
nisms.

Fundamental model equations

To calculate the characteristic current Ic as given by Eqs.
(10) and (19), we express the specific conductivity σ, the
specific conjugate conductivity σ̃, the charge density ρ,
and the pairing intensity R in terms of cation and anion
concentration p and n:

σ (z) = F [up p (z) + un n (z)]
σ̃ (z) = F [up p (z) – un n (z)] (20)
ρ (z) = F [p (z) – n (z) – N]

where up and un are the mobilities of permeant cations and
anions, respectively. p (z) and n (z) are the respective con-
centrations of free, unbound ions. For convenience the
channel conductance is assumed to be dominated by cat-
ions. Therefore, only permanent negative charges are con-
sidered inside the channel. N is the concentration of the
negative charge density, taken to be constant. In biologi-
cal ion channels, such permanent charge density originates
from charged amino acids that form the wall of the chan-
nel pore. At conditions used to define the equilibrium spe-
cific conductivity σQ or the respective concentrations pQ
and nQ, the channel must be neutral: N = pQ – nQ.

To account for pairing between cation and anions, we
introduce a simple reaction rate equation:

R = kA pn – kD cQ = kA(pn – pQ nQ) (21)

where kA is the ion association rate constant among per-
meant ions, kD the respective dissociation rate constant,
and cQ the equilibrium concentration of ion pairs. We as-
sume that kD and cQ are constant. With kD cQ = kA pQ nQ, the
second form of the pairing equation is obtained, omitting
cQ and kD. Replacing them by pQ and nQ conveniently sim-
plifies the resulting equations, because pQ and nQ are di-
rectly related to the channel’s electrical properties.
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Association rate constant

The pairing intensity R as given by Eq. (21) contains the
association rate constant kA as a material constant. To-
gether with the dielectric constant εC inside the channel,
this parameter determines the ion transport mechanism of
the channel due to condition (15) for the space-charge or
condition (14) for the quasi-neutral transport mechanism.
It is therefore important to know at least its order of mag-
nitude.

Theories of diffusion controlled association are well es-
tablished in chemistry (Calef and Deutch 1983). The asso-
ciation rate for cations and anions is given by (Sridharan
et al. 1989):

where rA is the effective association radius. NA is
Avogadro’s number, λ = r/lC is the distance between the
two ions scaled by the distance of closest approach lC, and
ψ (λ) is the effective potential energy between the two ions
divided by RT. Very similar results are obtained for rates
of diffusion-controlled electron-hole annihilation in semi-
conductors (Pekar 1950; Rose 1978).

The potential ψ (λ) in the integral of Eq. (22) is typi-
cally the Debye-Hückel potential, but even more complex
theories give similar results (Sridharan et al. 1989). In this
form the integral cannot be solved analytically. A reason-
able approximation of this integral can be obtained if the
Debye-Hückel potential is replaced by a shift Coulomb po-
tential in the range of lC to lC +α lDH and zero potential be-
yond lC +α lDH:

where the Bjerrum length lBj defines the distance of the
two ions where the interaction energy of the Coulomb po-
tential equals thermal energy RT. The Coulomb potential
is shifted to obtain zero potential at the cutoff at lC +α lDH.
α is a scaling parameter which should be in the range of
1≤α ≤ 2. Substituting this ψ into Eq. (22) leads to an ap-
proximate effective association radius rA where the inte-
gral can be solved analytically. For simplicity a 1 :1 elec-
trolyte is considered:
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For large Debye lengths (lDHo lBj) the scaling parameter
α should be close to unity; in the opposite case it should
be closer to 2. For α = 7/5 the relative error of the associ-
ation rate constant ∆kA/kA between the result of Eq. (23)
and the numerically solved exact solution is below 2% 
for 1≤ lDH/lBj ≤ 10 and below 40% for 1/10 ≤ lDH/lBj ≤ 10
for 0 ≤ lBj/lC ≤ 100. Some typical values for the effec-
tive association radius are given in Table 2. Because in this
article the association rate constant kA is only required to
the order of magnitude, even a deviation of 40% is toler-
able.

The classic result of Smoluchowski (1917) with rA ≈ lC
is obtained if the product of the Bjerrum and Debye lengths
is small compared to the squared distance of closest ap-
proach, i.e., in the limit of strong screening. If the Bjerrum
and Debye lengths exceed the distance of closest approach,
the effective association radius becomes the Bjerrum
length: rA ≈ lBj.

Using the Bjerrum length defined in Eq. (23), the asso-
ciation rate constant from Eq. (22) can be reformulated:

Estimates of the distance of closest approach lC for alkali-
halide ions from fitting thermodynamic properties of these
electrolytes using the MSA theory (Blum 1980) are in the
range of 0.3–0.8 nm (Triolo et al. 1976; Ebeling and Scher-
winski 1983; Soumpasis 1984). According to Table 2, the
effective association radius is small (rAO lBj) for large
Bjerrum lengths with l 2

Bj o lC lDH. This is the situation in-
side biological ion channels. In water, the effective asso-
ciation radius rA and the Bjerrum length are of similar or-
der.
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Table 2 Typical Bjerrum, Debye, and effective association radii a

lC ε lBj lDH rA

0.3 nm 0.8 nm

Conc. 1 M 10 mM 1 M 10 mM 1 M 10 mM

80 0.72 0.304 3.04 0.412 0.685 0.841 1.07
20 2.88 0.152 1.52 0.437 1.32 0.854 1.51
10 5.76 0.107 1.07 0.418 1.37 0.855 1.65

5 11.5 0.076 0.76 0.393 1.22 0.852 1.6
2 28.8 0.0481 0.481 0.363 0.941 0.843 1.4

a Typical Bjerrum, Debye, and effective association radii for the sit-
uation in biological ion channels and ion exchange membranes. To
get the range of Bjerrum and Debye lengths together with the corre-
sponding effective association radii rA, these numbers were calcu-
lated for typical conditions in solution and inside the channel. All
lengths are given in nm for a range of permittivities between 2 as a
lower limit and 80 for the water environment. The Debye lengths are
calculated at concentrations of 1 M and 10 mM. The distances of clos-
est approach lC are 0.3 nm and 0.8 nm. All lengths are calculated for
a temperature of 290 K



Analytic space-charge ion transport mechanism

The intuitively simplest case is the space-charge transport
mechanism, where pairing is fast compared to the electri-
cal relaxation corresponding to a large association rate con-
stant kA. This case also applies to the monopolar approxi-
mation where only a single permeant species (e.g., cations
or holes) exists. In this particular case, permeant counter
charges are absent and cannot enforce a quasi-neutral sit-
uation. Pairing between permeant charges is excluded in
this case, and drift charge transport is determined only by
the drift Eq. (1) and Gauss’ law (2).

Monopolar approximation

The case of a single permeant ion is designated the mono-
polar approximation. One of the two concentrations in Eq.
(20) is set to zero; here we consider only permeant cations.
Obviously, such a model excludes pairing between per-
meant ions, and the reaction rate equation (21) does not
apply. The characteristic and critical currents are calcu-
lated using the charge density. With these assumptions the
basic Eqs. (20) are replaced by:

σ = F up p and ρ = F (p – N) = (σ – σQ) /up

Now we calculate the critical current Ic* to see whether
the characteristic current Ic is sufficiently independent
from the electric current I. For the monopolar approxima-
tion in the space-charge limit the charge density ρ is a lin-
ear function in the specific conductivity σ. Consequently,
the Taylor expansion of the charge density ρ used to esti-
mate Ic* in Eq. (16) leads to the exact result and the criti-
cal current becomes:

The characteristic charge density ρc and the current Ic
are calculated using Eqs. (19) and (10):

In this simple example the characteristic current Ic equals
the critical current Ic*. Thus, the low current approxima-
tion applies as long as the external voltage V remains con-
siderably below the characteristic voltage Vc defined by
Eq. (12).

Quasi-monopolar approximation

In the quasi-monopolar approximation two permeant ions
are considered. The channel conductance is assumed to be
dominated by the presence of a single ion species, e.g. the
cations. The concentration of the anions n is determined
by R ≈ 0 as a function of the cation concentration p using
Eq. (21):

n = pQ nQ /p (27)
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The specific conductivity σ and the charge density ρ are
given in Eq. (20).

We start with the condition for the space-charge trans-
port mechanism [Eq. (15)], and express σ, σ̃ , and ρ as func-
tions of p only, using Eqs. (20), (21), and (27). The asso-
ciation rate constant is taken from Eq. (24). This leads to
the condition for a space-charge transport mechanism for
the quasi-monopolar approximation:

The cation concentration p covers the range from external
cation concentration pi and po to equilibrium concentration
pQ. For the space-charge transport mechanism the root in
the denominator of this condition should be non-zero
within this range. This situation is realized for a channel
with pi ≥ p ≥ pQ ≥ nQ and un < up . The condition for the
space-charge transport mechanism is nearly trivially ful-
filled if up o un . In this case, the permeant anions act as an
immobile, inhomogeneous charge density.

As a next step we calculate the characteristic current Ic*.
For the quasi-monopolar approximation the charge density
is no longer a linear function in p owing to the relation
between n and p given in Eq. (27). Therefore, we evaluate
the length integral used to define the critical current Ic* [Eq.
(16)] with the correct charge density ρ from Eqs. (20) and
(27). To keep the result simple, we additionally assume a
zero background charge density, resulting in nQ = pQ. In
this case the characteristic current Ic* and the minimal con-
centration at low currents becomes:

Now we calculate the characteristic current. From Eq.
(19) with nQ = pQ we obtain the following inverse charac-
teristic charge density:

with u = un /up . In the limit of small u the characteristic
charge density ρc and the characteristic current Ic become:

As expected, the critical and characteristic currents for the
quasi-monopolar approximation in the space charge limit
are similar with each other and similar to those of the mono-
polar approximation.
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Quasi-neutral ion transport mechanism

Now the quasi-neutral ion transport mechanism is consid-
ered, which requires at least two mobile ion species for
pairing. This mechanism applies if the ion association rate
kA is small. In the quasi-neutral limit the Maxwell relaxa-
tion of the ion distribution is fast compared to the process
of ion pairing.

We use the quasi-neutral condition (14), which leads to
ρ ≈ 0, to define a relation between n and p:

n ≈ p – pQ + nQ (29)

Thus, the specific conductivity σ, its conjugate σ̃ , and the
pairing intensity R are again functions of the cation con-
centration p only.

First, we calculate the condition for the quasi-neutral
limit, starting from Eq. (14). σ and σ̃ are defined in Eq.
(20) and R in Eq. (21). We use Eq. (29) to substitute n.
The association rate constant kA is taken from Eq. (24). For
the quasi-monopolar quasi-neutral ion transport mecha-
nism the following condition must hold:

where the background charge density N = pQ – nQ must be
non-zero to make the quasi-neutral limit possible. In con-
trast to the condition for a space-charge ion transport mech-
anism [Eq. (28)], the quasi-neutral limit requires similar
ion mobilities, i.e. up ≈ un . Condition (30) becomes easy to
obey at cation concentrations close to its equilibrium con-
centration of p ≈ pQ. At concentrations very different from
the equilibrium concentration a strict neutrality no longer
holds.

To calculate the critical current we have to solve the in-
tegral for the channel length taken from Eq. (7):

This leads to a critical current Ic* and limiting minimal con-
centration pE of:

where we assumed equal mobilities un = up to keep the re-
sult simple. The critical current Ic* obtained from integra-
tion of the length integral equals that obtained from the
first-order approximation of the ion pairing intensity R
given in Eq. (18).

Finally, we calculate the characteristic current Ic given
by Eq. (10) by means of the characteristic pairing inten-
sity of Eq. (19). The characteristic current becomes:

Also in this case the critical current Ic* differs from the
characteristic current; however, it is very similar.
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Numeric monopolar simulations

The monopolar situation represents the simplest possible
ion transport mechanism within the framework of the
PNPC equations. Owing to its simplicity, numerical sim-
ulations can easily cover a wide range of possible situa-
tions. Therefore, we choose the monopolar ion transport
mechanism to compare the analytical results of the drift
approximation with the numerical results using full Nernst-
Planck and Gauss’ equations. The details of these equa-
tions and their numerical solution are described in the Ap-
pendix. The numerical simulations are implemented as
Mathematica notebooks as well as C programs. They are
available on request via e-mail.

The simulation covers a range of concentrations at the
boundaries of pQ/50 ≤ pB ≤ 50 pQ; pB /pQ ∈{1/50, 1/20,
1/10, 1/5, 1/2, 2, 5, 10, 20, 50}. The internal pi and exter-
nal concentrations are defined as pi = pB/e for pB <1, pi = pB
for pB >1, and po = e pi . This leads to a reversal potential 
of 25 mV. For these concentrations at least the following
Debye lengths were considered: L /lDH ∈{1, 3, 5, 7, 10, 20}.
In some calculations also L /lDH ∈{2, 4, 14} were included.
Current-voltage curves as shown in Fig. 3 have been cal-
culated in the voltage range of –1.25 V ≤ V ≤ +1.25 V. This
wide voltage range was chosen to see the limiting behav-
ior of those curves beyond the particular range of interest.
Figure 3 indicates the general behavior of current-voltage
curves that external concentrations above/below the equi-
librium concentration corresponds to super-/sublinear cur-
rent-voltage curves. The sublinearity is rather sharp and
disappears at larger voltages, whereas the superlinearity
extends over a wide voltage range. This qualitative behav-
ior of the current-voltage curves is found for all concen-
trations and Debye lengths considered in this study. In the
derivation of the drift current-voltage relation [Eq. (9)], we
had to make several assumptions about the smallness of
some numbers. To get an impression how far the drift ap-
proximation applies and what the “O’s” actually mean, we
first present the numerical simulation of some example
cases. Later we explore effect of switching off the Gauss
equation, i.e., how the full PNPC current-voltage curves
differ from those of a purely GHK ion transport mecha-
nism.

Evaluating the drift approximation

To what degree does the drift approximation conform with
the simulation of the full PNP equations? A simple and di-
rect test is given in Fig. 4. The drift length LE and drift
voltage VE defined in Eq. (7) are compared with the actual
length L and voltage V. For the shown case of L/lDH = 5 the
drift length and voltage are in the correct order of magni-
tude over a wide range of voltages and concentrations. For
smaller Debye lengths the curves become flatter, i.e., the
relative good agreement is shifted towards larger voltages.
For larger Debye lengths the agreement disappears, the
drift lengths and voltages become too large: LE oL and
VE oV (data not shown).
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Whereas the drift length and voltage can be used to
check the applicability of the drift approximation, they are
of little practical value. Therefore, we also compared the
channel conductance calculated in a previous article (Sy-
ganow and von Kitzing 1995). In the Appendix [Eq. (41)]
those equations are given in a dimensionless form gener-
alized for asymmetric concentrations. In Table 3, these an-
alytical approximate conductances are compared with the
conductivities of the current-voltage curves obtained from
numerical solutions of the complete PNP theory for the
case of L/lDH = 5. The PNP conductances are determined
in two ways. The fitted conductance Σ ±

Fit represents the lin-
ear part of the drift current-voltage relation [Eq. (9)] fitted

to the PNP current-voltage curve. This fitting procedure
agrees closely with the situation of analyzing experimen-
tal current-voltage curves. In the second method, the slope
of the PNP current-voltage curve at the reversal potential
is used to determined the slope conductance ΣSlope. Be-
cause of the strong curvature, at small external concentra-
tions (pi/oO pQ) the fitted conductances deviate consider-
ably from the respective slope conductances. The fitted
values depend critically on the size of the fitting window.
The agreement between approximate analytical results and
those obtained from PNP current-voltage curves is good
despite the approximations necessary to solve the resis-
tance integral (see Appendix). The agreement improves for
longer Debye lengths and becomes worse in the opposite
case owing to the approximations involved in the resis-
tance integral.

Also for the comparison of the characteristic currents Ic
[Eq. (10)], we use the case of L/lDH = 5. In its dimension-
less form, the characteristic current ic is given in the Ap-
pendix [Eq. (42)]. In Table 4 we show the fitted character-
istic current i ±

Fit obtained from fitting the current-voltage

Fig. 3A, B Current-voltage curves for the monopolar ion transport
model obtained from numerical solutions of the full PNP equations
as a function of the external ion concentrations. The current is 
given in dimensionless units as defined in the Appendix in Eq. (42).
The channel length L divided by the Debye length is L /lDH = 5. The
internal ion concentrations pi are: pi /pQ∈{1/(50e), 1/(20e), 1/(10e),
1/(5e), 1/(2e), 2, 5, 10, 20, 50} (see Figs. 1 and 2). The external con-
centrations are po = pi e, which implies a reversal potential of 25 mV.
The dashed curves indicate external concentrations above the equi-
librium concentration pQ; the dash length corresponds to the con-
centration. The dashed-dotted curves describe current-voltage
curves for external concentrations below pQ. Here, the dash length
increases with decreasing concentration. A and B show the same fig-
ure with different scalings for the axis: A clearly displays the strong
sublinearity for external concentrations below pQ and B the weaker
superlinearity for external concentrations above pQ

Fig. 4 The approximate analytic drift length (A) and voltage (B) as
defined in Eq. (7) as a function of the external ion concentrations ob-
tained from numerical solutions of the full PNP equations. For the
monopolar model it becomes a function of the extreme concentra-
tion pE = pQ(1+ hE) which is given in the Appendix [Eq. (37)]. For
the details of the model parameters, see Fig. 3



404

relation of Eq. (9) to the PNP current-voltage curves. This
numeric result is compared with the approximate analyti-
cal characteristic currents. First we use the numeric ex-
treme pE and the boundary concentrations pi and po (see
Fig. 2) to obtain i ±

Drift . To test the replacement of the ex-
treme concentration pE by the equilibrium concentration
pQ we also considered this case in i ±

Lim. One should not ex-
pect any exact agreement between PNP and analytical data
because the exact PNP values depend on the size of the fit-

ting window. Except for external concentrations pi/o close
to the equilibrium concentration, the agreement between
i ±
Fit and i ±

Drift is quite good. In contrast, i ±
Lim deviates con-

siderably from the “experimental” value; however, it stays
within the order of magnitude. This deviation clearly indi-
cates that it is important to include the deviation of the ex-
treme concentration pE from the equilibrium concentration
pQ for those parameters considered in this study.

In Fig. 5, monopolar concentration profiles are shown
as a function of the external voltage for boundary concen-
trations pi/o above and below the equilibrium concentra-
tion. For the first case, rather large voltage steps have to
be taken to make the effect of the increasing external field
clearly visible in the concentration profile. The same kind
of behavior is seen in the current-voltage curves of Fig. 3,
which are only slightly curved and the curvature extends
to large external voltages. In contrast, if the boundary con-
centrations are below the equilibrium concentration pQ,
much smaller changes in the external voltage result in con-
siderable modifications of the concentration profiles.
Again this behavior is reflected in the current-voltage
curves in Fig. 3; they are strongly curved and become close
to linear at larger voltages. With decreasing Debye length
the screening increases and the changes due to external
voltages become smaller. The changes in the concentration
profile explain the kind of deviation from linearity seen in
the current-voltage curves. For large external concentra-

Table 3 Numerical and analytical conductancesa

pB/pQ Σ+
Fit Σ–

Fit ΣSlope ΣQ ΣLim

0.02 –0.03722 0.24037 0.04828 0.04033 0.27675
0.05 –0.15144 0.26915 0.1066 0.09005 0.44191
0.1 –1.0139 0.33464 0.18499 0.1584 0.57607
0.2 1.0255 0.44105 0.30541 0.2663 0.70582
0.5 0.724 0.65132 0.54234 0.4846 0.8612
2.0 1.3865 1.4332 1.4449 1.536 2.3062
5.0 1.7054 1.7262 1.7725 1.9162 2.5175

10.0 1.9089 1.9178 1.9786 2.1654 2.6354
20.0 2.0732 2.0766 2.1455 2.3699 2.7259
50.0 2.2354 2.2362 2.3112 2.5738 2.8127

a Approximate analytical and full PNP conductances of the mono-
polar ion transport model for L /lDH = 5. Σ ±

Fit are the conductivities
obtained from fitting the drift current-voltage relation [Eq. (9)] to
the current-voltage curves obtained from numerical solutions of the
full PNP equations in the range of [–249, 0] mV and [2, 251] mV.
ΣSlope is determined from the slope of the PNP current-voltage curve
at the reversal potential (see Fig. 3). ΣQ is the approximate analyti-
cal equilibrium conductance [see Appendix, Eq. (41)] with the nu-
merical extremal pE and actual boundary concentrations pi and po
(see Fig. 2), and ΣLim the equilibrium conductance with the numer-
ical extremal concentration pE at zero (for pB < pQ) and infinite (for
pB > pQ) boundary concentrations

Table 4 Numerical and analytical characteristic currents a

pB/pQ i+
Fit i+

Drift i+
Lim i–

Fit i–
Drift i–

Lim

0.02 0.0543 –0.0155 –0.0027 0.0841 0.1303 0.02
0.05 0.0912 –0.0558 –0.0169 0.5576 0.4861 0.1253
0.1 0.0606 –0.1616 –0.0678 2.2068 1.4939 0.5051
0.2 –0.275 –0.5058 –0.2721 9.3883 5.2772 2.0833
0.5 –3.088 –2.5386 –1.7509 186.08 44.815 16.667
2.0 399.4 175.22 66.667 –132.04 –103.87 –51.751
5.0 224.57 143.47 52.083 –166.13 –131.05 –50.272

10.0 218.6 152.69 50.505 –190.61 –148.86 –50.068
20.0 222.73 164.81 50.125 –209.59 –163.66 –50.017
50.0 229.95 178.87 50.02 –225.59 –178.65 –50.003

a Approximate analytical and full PNP characteristic currents of the
monopolar ion transport mechanism for L /lDH = 5 as a function of the
boundary concentration pB. Because the drift limit applies only at
larger voltages, the low voltage range –RT /F < V < +RT /F is not 
covered by this approximation and the current-voltage relations split
into positive and negative parts. The dimensionless characteristic
currents ic are given in the Appendix [Eq. (42)]. The index “Fit” 
indicates the characteristic currents i±

Fit obtained from fitting the 
drift current-voltage relation of [Eq. (9)] to the positive and nega-
tive branch of the PNP current-voltage curves in the range of 
[–249, 0] mV and [2, 251] mV (see Fig. 3). i±

Drift is the drift charac-
teristic current where the extremal concentration pE from the simu-
lation was used in the calculation. For i±

Lim we took the equilibrium
concentration pQ (see Fig. 2)

Fig. 5A, B Concentration profiles at different voltages. For the 
Debye length of L /lDH = 5, monopolar concentration profiles are
shown, dot-dashed lines for negative, continuous lines for zero, and
dashed lines for positive voltages. The dash length corresponds to
the voltage. A The boundary concentrations are pi /pQ = 5, po/pQ = 5e,
and the voltages V ∈{–600, –400, –200, 0, 200, 400, 600} mV; 
B pQ/pi = 5e, pQ/po = 5, and the voltages V ∈{–300, –200, –100, 0,
100, 200, 300} mV
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tions, external ions are driven into the channel with in-
creasing voltage which in turn increases the conductance,
resulting in superlinear current-voltage curves. The oppo-
site effect is found for small external concentrations.

Switching from PNP to GHK theory

What is the major influence of Gauss’ or Poisson’s equa-
tion, and why does the PNP conduction mechanism differ
so drastically from the one of the GHK theory assuming
linear electric fields (Eisenberg 1996)? There exists a long
tradition in explaining ion transport by means of GHK the-
ory (Hille 1992). It is still frequently used to evaluate
permeabilities from experimental reversal potentials.
Therefore, an exploration of the particular differences
between the two approaches may help to understand the
implications of the more complex PNP theory.

Figure 6A shows the current-voltage curves of a chan-
nel where the external, asymmetric concentrations pi and
po are above the equilibrium concentration pQ inside the
channel by pi = 5 pQ and po = 5epQ. The quotient between
the channel length L and the Debye length lDH ranges from
zero (GHK theory) to 20. For a channel with a single per-
meating ion species the channel is at equilibrium at the re-
versal potential. Thus, the reversal potential must be inde-
pendent of the particular interactions between ions and
channel protein and among ions. Thus, it is not surprising
that the reversal potential is the same for all Debye lengths.
With increasing L/lDH the conductance of the channel de-
creases, as well as the rectification of the current-voltage
curves. The disappearance of the rectification becomes
even more obvious if each current-voltage curve is divided
by its slope conductance at the reversal potential, which is
shown in Fig. 6B. At L/lDH = 20 the current-voltage curve
is practically linear within the voltage range of ±250 mV.
Thus, the rectification predicted by GHK theory for asym-
metric external solutions is not present in long channels
with L/lDH o1. Such a lack of rectification is for instance
found in the calcium release channel of the sarcoplasmic
reticulum of cardiac muscle (Chen et al. 1997). But how
can we rationalize this behavior?

Figure 7 shows the concentration profiles at ±250 mV
for the Debye lengths used for the current-voltage curves

Fig. 6 A Current-voltage curves with varying the relative Debye
lengths. The quotient of channel length L and the Debye length lDH
adopts the values of L /lDH ∈{0, 1, 2, 3, 5, and 20} indicated by {a
continuous line, dots, short dashes, long dashes, dot short dashes,
and dot long dashes}. The boundary concentrations are pi /pQ = 5 and
po/pQ = 5e in all cases. The rectification due to the symmetric exter-
nal ion concentrations is clearly seen for large Debye lengths (small
L /lDH), and it disappears for shorter Debye lengths. B The increas-
ing linearity with decreasing Debye length is even more obvious, if
the current-voltage curves are divided by the slope conductance at
the reversal potential

Fig. 7A, B Ion concentration profiles at different Debye lengths.
The profiles are shown for A FV/RT = –10 and B FV/RT = +10. L /lDH
has the same values and the curve pattern the same meaning as in
Fig. 6. With decreasing Debye lengths (increasing L /lDH) the ion con-
centration inside the channel and consequently the channel conduc-
tance becomes increasingly independent from the external concen-
trations and voltage
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in Fig. 6. Whereas for the GHK theory the ion concentra-
tion along the channel axis is determined by the boundary
concentrations and the external voltage, with decreasing
Debye lengths (increasing L/lDH) the concentration profile
becomes increasingly independent from those parameters.
This internal ion concentration is a main determinant for
the channel conductance that consequently becomes rela-
tively independent of external influences. Long ion chan-
nels define their internal ion concentration, the equilibrium
concentration pQ, independent from the boundary concen-
trations. The Debye length describes the “flexibility” of
the internal ion concentration. If the Debye length is short
compared to the channel length, the boundary concentra-
tions pi and po quickly approach the equilibrium concen-
tration pQ. Similar considerations have been published pre-
viously; the LΩ in Syganow and von Kitzing (1995) indi-
cates the applicability of the drift approximation. For long
channels the PNP theory proves the invalidity of the con-
stant field assumption that forms a constituting element of
GHK theory. The electric field is constant as long as the
space-charge length lρ = CDDRT ε0DDεC/(F |DD〈ρ〉 |)D defined previ-
ously (Syganow and von Kitzing 1999) is large compared
to the channel length L, where 〈ρ〉 is the average charge
density within the channel.

Discussion

In this article we derive explicit current-voltage relations
[Eqs. (9)–(11)] for the situation where diffusion-con-
trolled charge transport is dominated by drift due to suffi-
ciently large external voltages. The drift limit of the PNPC
equations is based on Gauss’ law (2), drift (1), and con-
tinuity (3) equations. The external voltage V is approxi-
mated by a second-order polynomial in the electric current
[Eq. (9)] where the deviation from linear Ohm’s law is de-
fined by the characteristic current Ic. The comparison of
these approximate analytical results with numerical simu-
lations generally gave a good agreement. It revealed, how-
ever, weakness of those relations containing the most ex-
tensive approximations. The results of this article explain
why many diffusion-controlled ion transport systems show
close to linear current-voltage curves, although they gen-
erally follow the nonlinear, coupled PNPC equations.
Close to linear experimental current voltage-curves can
easily be analyzed in terms of a drift current-voltage rela-
tion.

Typical examples for diffusion-controlled charge trans-
port systems are biological ion channels. Originally, the
drift approximation was developed in the field of semicon-
ductors to explain current-voltage curves of long diodes 
(Schottky and Spenke 1939; Lampert and Mark 1970; Sy-
ganow and Swetchnikow 1981). Here, we present a gener-
alization of those previous contributions to ion transport
theories. To discuss practical consequence of the drift ap-
proximation, we apply it to biological ion channels. These
results differ from those of other particular systems only
in the actual values of the system parameters, such as the

background charge density, the length of the system, or
charge carrier mobilities.

First we present the central properties of the drift cur-
rent-voltage relation and discuss the approximations in-
volved in its derivation. To show the application of the drift
approximation to practical systems, we discuss current-
voltage curves of biological ion channels. We particularly
demonstrate the importance of pairing in theories of diffu-
sion-controlled ion transport.

What are the approximations involved 
in the drift current-voltage relation?

To solve the PNPC equations within the drift approxima-
tion, we introduce four hierarchical levels of conditions
and approximation:

1. At the first level the drift approximation [Eqs. (1)– (3)]
applies to intermediate and long systems at sufficiently
large external voltages. Drift approximation predicts
approximate but analytical integral system properties,
such as the system length L and the external voltage V
given in Eq. (7). By means of these integral properties
we derive an explicit drift current-voltage relation [Eq.
(9)].

2. At the second level we reduce the applicability of the
theory of long systems and low electric currents. In these
limits the extreme specific conductivity σE approaches
the equilibrium specific conductivity σQ (see Fig. 2).
Whereas σE generally is a function of the electric cur-
rent, σQ is constant. σE appears in the characteristic cur-
rent Ic; its convergence towards σQ, therefore, makes
Ic current independent.

3. For large or small association rate constants kA [see Eq.
(22)] we introduce the space-charge [see Eq. (15)] and
the quasi-neutral [see Eq. (14)] ion transport mecha-
nisms, respectively, for which either the continuity Eq.
(3) or Gauss’ law (2) is solved trivially. For each limit
we derive algebraic relations between anion and cation
concentrations [see Eqs. (27) and (29), respectively].

4. For simple models of ion transport we calculate the re-
spective conditions for the ion transport mechanism, the
critical and characteristic currents analytically. We
compare the results of the analytical drift approxima-
tion for the monopolar space-charge ion transport mech-
anism with those obtained from numerical solutions of
the full PNPC equations.

Drift approximation

At sufficiently large external voltages the drift approxima-
tion applies. In this case the contribution of concentration
gradients in the Nernst-Planck equation to the current-volt-
age relation is small. The precise meaning of “large exter-
nal voltage” depends on the details of the system under
consideration. It applies if the Ohmic length LΩ OL is small
[Eqs. (26) and (39) in our previous publication (Syganow
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and von Kitzing 1995)]. The value of the Ohmic length 
LΩ has the same order of magnitude as the Debye length
lDH with the concentration at the boundary. LΩ was previ-
ously derived for the space-charge transport mechanism.
An analogous length can be defined for the quasi-neutral
case.

Because the drift approximation applies only at large
absolute external voltages, the current-voltage relation
splits into two separate parts, one for large negative 
voltages and the other for large positive voltages. Drift
ap-proximation predicts a simple current-voltage rela-
tion [Eq. (9)] with three free parameters for the posi-
tive and negative branches of the current-voltage data:
the diffusion voltage VD (Syganow and von Kitzing 
1995) which accounts for the neglected diffusion terms,
the Ohmic conductance Σ in the limit of large external
voltages, and the characteristic current Ic which ac-
counts for the deviation from Ohm’s law owing to 
pushed-in or drawn-out ions. Positive/negative character-
istic currents represent super/sublinear current-voltage
curves which indicate the concentration of the ion spe-
cies carrying the largest electric current to be below/
above the external concentration, respectively. Current-
voltage curves with large characteristic voltages
|Vc = Ic /Σ | o RT/F generally indicate a drift mechanism
for ion permeation, because the two possible alternatives,
equilibrium or diffusion mechanism (see introduction),
generally have exponential current-voltage relations with
characteristic voltages in the order of RT/F (e.g., GHK
theory at small voltages |V | O RT/F and different exter-
nal concentrations).

Long system and low current limit

The drift current-voltage relation of Eq. (9) definitely ap-
plies to long systems if the internal association length lA
and the internal Debye length lDH are small compared to
the system length, L o lA and L o lDH. The association
length lA, often designated diffusion length, is well known
in semiconductor physics (Stöckmann 1961; Lampert and
Mark 1970). It is obtained by reformulating the continuity
Eq. (3) in dimensionless form:

The association rate constant kA was replaced by the ex-
pression given in Eq. (24). Thus, the numerical value of
the association length has a similar order of magnitude as
the Debye length; its particular value is determined by the
relation between the Bjerrum length lBj and the effective
association radius rA [see Eq. (23)]. Within a Debye length
lDH the electric field of a permanent or permeant charge is
shielded owing to counter ions resulting in a reduced mean
electric field around the charge. Within the association
length lA a permeant ion has associated with a permeant
counterion.
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For long systems the extreme conductivity σE ap-
proaches the equilibrium conductivity σQ in the low cur-
rent limit [Eq. (17)], as long as the electric current I re-
mains small compared to the critical current (Ic*/2 o | I |).
Practically, the low current limit implies that the ion con-
centration inside the channel is not yet dominated by ions
pushed into or drawn out of the channel owing to the ex-
ternal voltage, but by the equilibrium concentrations (see
Figs. 5 and 7). Our numerical simulations have shown that
we get a good agreement between “exact” numerical and
approximate analytical results if we replace the equilib-
rium concentration by the extremal concentration at zero
volt. The characteristic current Ic [Eqs. (10) and (19)] is
independent of the electric current as long as Ic/2 o I, and
the voltage V in the drift current-voltage relation (9) rep-
resents a true second-order polynomial in the current I.
From the form of the critical current Ic* in Eqs. (16) and
(18) we concluded earlier that it has the same order as the
characteristic current Ic. We confirmed this conclusion in
the results section where Ic and Ic* were calculated analyt-
ically for simple models of ion transport. Thus, |I | O | Ic/2 |
is often equivalent to |I | O Ic*/2. Consequently, for systems
with sufficiently large characteristic currents or equiva-
lently voltages |Vc | o RT/F [see Eq. (12)] and not too large
external voltages |V | O |Vc | , the drift approximation gen-
erally applies. This particular situation is found for many
biological ion channels which are characterized by close
to linear current-voltage curves (Dani and Eisenman 1987;
Busch 1990; Konno et al. 1991; Villarroel and Sakmann
1992; Kienker et al. 1994; Kuner et al. 1996).

Two limiting ion transport mechanisms

At the third level of approximation we introduce the quasi-
neutral [Eq. (14)] and the space-charge ion transport mech-
anism [Eq. (15)]. They apply for small or large ion asso-
ciation rate constants kA, respectively. By means of this
approximation the anion concentration n can be algebrai-
cally expressed as a function of the cation concentration p
(or vice versa) by solving Gauss’ law (2) or the continuity
equation (3) trivially.

The relative “importance” of Gauss’ law and the con-
tinuity equation is determined by the actual value of the
ion association rate constant kA. On the one hand, large kA
enforce large association and dissociation which requires
compensation leading to R ≈ 0. Because ρ ≈ 0 and R ≈ 0 in
general cannot be fulfilled at the same time except for
p ≈ pQ and n ≈ nQ, such solutions are characterized by ρ ≠ 0
and, consequently, designated the space-charge transport
mechanism. On the other hand, small association rate con-
stants kA relax the influence of the continuity equation and
emphasize Gauss’ law, leading to solutions close to ρ ≈ 0
with R ≠ 0. Consequently, this situation is designated the
quasi-neutral ion transport mechanism. In practice, always
Gauss’ as well as the continuity equations contribute, but
the distinction in space-charge and quasi-neutral ion trans-
port mechanisms depicts the dominant behavior of the so-
lutions of the drift approximation in the two limits. The re-
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strictions of the two limiting solutions can, for instance, be
relaxed by introducing perturbation methods. In the limit
of large specific conductivities (σ oσQ), an analytic solu-
tion for the drift approximations was published for arbi-
trary values of kA (Parmenter and Ruppel 1959).

Explicit models

At the most specialized level we apply drift approximation
to simple detailed models of ion transport. The specific
conductivity σ, the charge density ρ, and the recombina-
tion intensity R are expressed as functions of the cation
concentration p. The particular models introduced in this
article apply to the situation of nearly linear current-volt-
age curves with a slight superlinearity. This choice keeps
the integrals to be solved on an intermediate degree of com-
plexity. The assumption that the channel properties are ho-
mogeneous within the cylindrical part of the channel is cer-
tainly a strong idealization. Nonner and Eisenberg (Non-
ner et al. 1998), however, have found in numerical solu-
tions of the PNP equations that even complex channel be-
havior can be modeled by using homogeneous channel pa-
rameters. This finding agrees with our numerical results
that even considerable variation in the background charge
density does modify the current-voltage curve quantita-
tively, but not qualitatively (von Kitzing, unpublished re-
sults). Thus current-voltage curves often contain not much
information about the particular three-dimensional struc-
ture of the channel.

Numerical simulations

To obtain an impression of the applicability of the drift ap-
proximation we performed numerical simulations of the
monopolar ion transport mechanism. The main point to
concentrate on, in this case, was keeping the number of 
adjustable parameters small enough such that we can scan
this parameter space exhaustively. A similarly complete
set of simulations for the quasi-monopolar case would, on
the one hand, add very likely not much to the present study,
and, on the other hand, would go beyond the scope of the
present work.

Because in the drift current-voltage relation of Eq. (9)
the voltage is described as a second-order polynomial in
the current, the observables are the conductance Σ and the
characteristic current Ic as a function of the external con-
centrations. In Table 3 the simulated and calculated con-
ductances are compared. They agree within 20% over a
wide range of concentrations and Debye length’s (Table 3
shows only the case of L/lDH = 5). Thus, the analytic rela-
tions for the channel conductances are rather reliable. For
boundary concentrations pi/o not too close to the equilib-
rium concentration pQ, the characteristic current Ic using
the extreme concentration pE (see Fig. 2) is not too far from
the simulated one as shown in Table 4. If, however, the
characteristic current is calculated using the equilibrium
concentration pQ there is a considerable deviation between

“experiment” and theory, but the order of magnitude is still
obtained. A comparison of current-voltage curves and the
concentrations profiles as a function of the external volt-
age clearly indicates the source of the nonlinearity of the
current-voltage curves. For large external concentrations,
additional ions are driven into the channel, increasing the
channel conductance. The opposite effect takes place at
low external concentrations.

Of course, the agreement between drift approximation
and simulation is not perfect; this comparison shows that
drift approximation gives the correct order of magnitude.
The existence of such a kind of approximation is not triv-
ial for the highly nonlinear PNP equations. The drift ap-
proximation is certainly important for didactic purposes.
It helps to understand why this highly nonlinear PNP the-
ory does produce linear or close to linear current-voltage
curves over a wide range of conditions. It also allows for
a first estimate of channel parameters from experimental
current-voltage curves without having to solve numerically
sets of complicated differential equations (A. Villarroel, in
preparation). This agreement between theory and “experi-
ment” indicates that diffusion-controlled ion transport of-
ten is dominated by drift effects.

The continuity equation in the PNPC theory

In this article, we present a long channel, low current drift
approximation based on Gauss’ law (2), the drift (1), and
continuity (3) equations for the analysis of close to linear
current-voltage curves. How relevant are these results for
diffusion-controlled ion transport, and how important is
the inclusion of pairing? Because ion pairing is neglected
in almost all theories describing ion transport through bi-
ological ion channels or ion exchange membranes, we now
discuss the impact of ion pairing on ion permeation for
those systems.

From the fact that the concentration of ion pairs in wa-
ter and similar media with high dielectric constants εC is
extremely low (Bockris and Reddy 1970), it is generally
concluded that ion pairing can be neglected in these me-
dia (Buck 1984). This understanding of the importance of
ion pairing is further enhanced because most sophisticated
electrolyte theories (McQuarrie 1976) apply to homogene-
ous systems, where the process of ion pairing for many
electrolytes does not play an obvious role. At equilibrium
concentrations found in homogeneous equilibrium and
steady state systems the continuity equation holds trivially.
Ion pairing, however, becomes important particularly for
the ion dynamics in heterogeneous non-equilibrium situa-
tions. The crucial parameter which determines the influ-
ence of ion pairing is not the equilibrium association con-
stant kA/kD, but the association rate constant kA. Conse-
quently, the significance of ion pairing does not depend on
the concentration of ion pairs but only on the rate to form
them. This implies that the continuity equation mainly
changes the dynamics of the system.

Many biophysicists are aware that the constant field ap-
proximation may present a real problem in using the GHK
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equation, e.g., to estimate relative permeabilities from re-
versal potentials (Hoppe et al. 1982; Hille 1992). The pos-
sible invalidity of the constant currents assumption has
been considered only very recently (Syganow and von Kit-
zing 1999). As shown in Eq. (31), the association length
and the Debye length are often of similar orders of magni-
tude. Table 2 shows a range of typical Bjerrum lengths lBj
and effective association lengths rA. Consequently, in
cases where the constant field assumption is violated, the
constant currents assumption is likely to be also violated
unless explicitly shown otherwise.

But what kind of ion pairing should we consider within
ion channels? Within electrically neutral channels one can
expect that the presence of a cation inside the channel in-
creases the likelihood for an anion to enter the channel. But
what is the role of pairing in potentially highly charged
channels such as the acetylcholine receptor channel? The
internal negative charge density in such a channel keeps
the concentration of anions extremely low. For instance,
the acetylcholine receptor channel contains flexible
charged side chains which are likely to follow permeating
cations on their way through the channel (von Kitzing
1995). In this case, a contact between a permeant cation
and a permanent but flexible anionic side chain is inevita-
ble if the ion passes the channel. Formally, such kind of
pairing does not differ much from conventional ion pair-
ing [see also (Syganow and von Kitzing 1999)].

Discriminating experimentally between models

What are the distinguishing characteristics in experimen-
tal current-voltage curves indicating one of the different
ion transport mechanisms? For instance, GHK theory pre-
dicts linear conductance-concentration curves and rectifi-
cation for asymmetric external solutions. Thus, the GHK
conduction mechanism is relatively easy to detect.

Barrier models with a large number of free parameters
can model nearly every set of experimental results. But
those models often cannot justify the assumptions made to
derive them from first principles (Syganow and von Kit-
zing 1999). Barrier models typically predict nonlinear cur-
rent-voltage curves, i.e., random changes of parameters of
a barrier model with linear current-voltage curves gener-
ally result in a model with nonlinear current-voltage
curves. Thus, if ion transport is dominated by the presence
of barriers and wells, mutations should lead to such a char-
acteristic behavior. At highly asymmetric external concen-
trations, barrier models generally show rectification (Chen
et al. 1997).

In contrast, long ion channels show close to linear cur-
rent-voltage curves under nearly any circumstances, as
long as the ion– ion interaction is dominantly electrostatic.
Such a behavior is for instance found in the acetylcholine
receptor channel. Virtually every mutation in the acetyl-
choline receptor channel leads to channels with linear cur-
rent-voltage curves (Imoto et al. 1988; Konno et al. 1991).
This linearity is predicted by PNPC theory even under ex-
tremely asymmetric external concentrations (Chen et al.

1997). Also, introducing a nonconstant charge profile only
leads to small deviations from linearity (von Kitzing, un-
published results). Thus, close to linear current-voltage
curves are very characteristic for long channels, i.e.,
L/lDH o1.

Because the internal concentration in long channels is
relatively independent from the external ion concentra-
tions, the conductance–concentration relation should be
rather nonlinear in most cases. Saturating behavior may re-
sult from weak changes of the internal concentration (Sy-
ganow and von Kitzing 1995) as a function of the external
concentrations or from the fact that at low external con-
centrations only a part of the total voltage drops across the
channel (Muller and Finkelstein 1972).

It is well known from semiconductor physics (Par-
menter and Ruppel 1959; Lampert and Mark 1970) that
the quasi-monopolar conduction mechanism generally
leads to larger currents than the space-charge conduction
mechanism. Direct ion pairing is more difficult to detect.
Processes which are based on pairing are generally much
slower than purely electrostatic processes. The relaxation
of the ion cloud takes the Maxwell time τM ≈ l 2

DH/D, where
D is the diffusion constant. A typical value for τM ≈ 1 ns.
The relaxation time for association-dissociation pro-
cesses yields τA ≈ l 2

A/D, where the association length 
is taken from Eq. (31). Because we generally have 
lDHO lA, processes including ion association are indicated
by a time constant τA large compared to the Maxwell re-
laxation time τM.

Conclusions

Diffusion-controlled ion transport is often described by
the non-linear, coupled PNPC equations. Within the drift
limit, such systems show close to linear current-voltage
curves for which we derive an analytical relation. For long
systems at low electric currents this relation further sim-
plifies, and the external voltage becomes a second-order
polynomial in the current. The association rate constant
for forming ion pairs determines the dynamic behavior of
the PNPC equations. The quasi-neutral or space-charge
ion transport mechanism correspond to the limits of small
or large association rate constants, respectively. Com-
monly used diffusion-limited reaction rate theories indi-
cate small association rate constants, favoring electroneu-
trality. For sufficiently simple particular model situations,
the coefficients in the current-voltage equation can be cal-
culated analytically. Except for the most extensive approx-
imations, a comparison between the results of solving the
full PNPC equation numerically and our approximate an-
alytical relations reveals a generally good agreement
between the two.

The dynamics of ion transport inhomogeneous non-
equilibrium systems is partly determined by the continu-
ity equations. The influence of the continuity equation de-
pends crucially on the association rate constant and not the
equilibrium constant. Thus, even if the concentration of
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pairs is negligible, the impact of the continuity equation
on the dynamics may become important. The constant cur-
rents assumption applies to oppositely charged particles
only if the association rate constant is extremely small. Ac-
cording to diffusion-limited reaction rate theories, the
value of the association rate constant between oppositely
charged particles is generally neither small as required in
PNP theory nor large as originally assumed by Schottky 
(Schottky and Spenke 1939). Therefore, the continuity
equation cannot be neglected in ion transport theories un-
less explicitly shown otherwise.

The rather simple form of the drift current-voltage re-
lation explains why so many diffusion-controlled ion trans-
port systems show close to linear current-voltage curves.
The drift approximation represents a powerful tool to es-
timate important parameters of these systems.

Glossary

The numbers in the glossary refer to the equations in which
the respective term appears first. The terms are defined in
the terminology used in theories of ion transport through
biological ion channels. A comparison with terms in other
fields is given in Table 1.

z: position inside the ion channel along the chan-
nel axis.

j, jp , jn : total, cation, and anion electric current den-
sities, respectively (6).

σ, σp , σn : total, cation, and anion specific electric con-
ductivities of the medium, respectively (1 
and 6).

σi , σo: specific conductivity at the intracellular or ex-
tracellular boundary of the ion channel, re-
spectively (7, see Figs. 1 and 2).

σQ: specific equilibrium conductivity (8). σQ
would be found if the length of the channel is
extended to infinity. At σQ the charge density
ρ and the pairing intensity R vanish.

Σ : drift conductance of the ion channel (9).
V: electric voltage (4) across the channel length

L.
VD: diffusion voltage (9) that accounts for small

integral diffusion contributions not included
in the pure drift voltage (8). The diffusion
voltage VD should not be mistaken for the re-
versal potential VR.

Vc: characteristic voltage (12) that accounts for
the deviation of the current-voltage curve
from linear Ohm’s law in the drift limit.

I: total electric current (4).
Ic: characteristic electric current (9) that ac-

counts for the deviation of the current-voltage
curve from linear Ohm’s law in the drift limit.

Ic*: critical current (16) that indicates an upper
limit for the electric current for the low cur-
rent approximation.

ρ (z), ρ (σ): total mean electric charge density (2) includ-
ing permanent and permeant charges. The z
dependence is replaced by a σ dependence.

ρc: characteristic charge density (19). A weighted
average of the charge density inside the chan-
nel where the charge density close to the spe-
cific conductivity minimum has the largest
weight.

R (z), R (σ): ion pairing intensity (3). The z dependence is
replaced by a σ dependence.

R c: characteristic pairing intensity (19): A
weigthed average of the pairing intensity in-
side the channel where the pairing intensity
close to the specific conductivity minimum
has the largest weight.

L, S: channel length and cross-section, respectively
(4).

up , un : cation and anion mobility of the permeant ions
inside the channel (20).

p, n: cation and anion concentrations of the per-
meating ions inside the channel (20). An ad-
ditional index Q indicates the respective equi-
librium concentrations which are found when
the channel length would be extended to in-
finity.

kA, kD: ion association and dissociation rates, respec-
tively (21).

ε0: vacuum dielectric constant (2).
εX: dielectric constant of medium X, e.g. εC is the

effective dielectric constant inside the chan-
nel (2).

Appendix

Here the details of the numerical solutions of the mono-
polar ion transport mechanism are presented.

Equations of the monopolar approximation

To get an impression of the overall reliability of the ana-
lytic drift approximation, we solved the full PNPC equa-
tions numerically. The Nernst-Planck equation, using mo-
bility u instead of the commonly used diffusion constant
D = RT u/F (Hille 1992), for a single species with concen-
tration c, valency Z, mobility u, and electric current I is
given by:

For the numerical simulation we introduce dimensionless
variables:

i
L I

S RT Z uc
x z
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c c Z h x

= = =

= +
Q

Qand

;  ;   

    [ ( )] ( )

E

1 32

− = −





I S RT Z u c
z

Z
FE
RT

cd
d



411

These substitutions lead to the dimensionless Nernst-
Planck equation:

– i = Z h′ – ZE (1 + Zh) (33)

where the prime ′ indicates the x derivative. In the mono-
polar approximation, Gauss’ equation becomes:

With the dimensionless variables defined in Eq. (32),
Gauss’ equation simplifies to:

where λDH is the quotient of the channel length L and the
Debye length lDH within the channel.

To solve Eqs. (33) and (34) numerically, we differen-
tiate the Nernst-Planck equation (33) and substitute the
primed electric field by Gauss’ equation (34)

where the conservation of the ions i′ = 0 is used. In the ab-
sence of binding partners, no pairing can occur.

As expected, this Gauss-Nernst-Planck or PNP equa-
tion is highly nonlinear. The nonlinearity comes from the
product of h and E, because E is itself a function of h, and
from the product of h and 1 + Zh. Methods to solve the PNP
equations are for instance indicated by Buck (1984), Chen
(Chen and Eisenberg 1993), or by Nonner (Nonenr and Ei-
senberg 1998). Here we introduce a different method which
can also be extended to ion-pairing (von Kitzing, unpub-
lished results). We introduce a linearization of the PNP Eq.
(35) which leads to:

where EV is chosen to yield the external voltage

FV/RT = ∫
0

1

E (x) dx. For a given nonlinearity of the prob-

lem H (x), Eq. (36) represents a linear equation for h (x).
By iteratively updating H (x), solutions for the nonlinear
Eq. (35) are obtained. This particular form of the linear-
ization of Eq. (35) has the advantage that the consequen-
tial discretization leads to a highly sparse matrix which can
be solved efficiently by biconjugated gradient methods 
(Press et al. 1992).

Comparison of numerical and analytical data

To compare the numerical solutions of the PNP equations
and the theoretical predictions, we have to bring the theo-
retical formulas into the non-dimensional form. In the re-
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sults section we compare the drift length LE and drift volt-
age VE calculated by Eq. (7) with the actual length L and
voltage V. If we apply Eq. (32) to the drift Eq. (1) and to
the differential length dx = dz/L in Eq. (5) we obtain for the
drift limit:

This leads to the drift length LE and drift voltage VE:

For positive or negative voltages, hi or ho, respectively, has
to be taken instead of hB. For LE ≈ L and VE ≈ V the drift
approximation applies. In numerical calculations the ex-
tremal hE is obtained from the simulation.

In a previous article we showed (Syganow and von Kit-
zing 1995) that the channel conductivity can be calculated
from the equilibrium approximation. Here we compare this
calculated approximate conductivity with that of the nu-
merical simulation. First we have to introduce the dimen-
sionless equilibrium logarithmic slope κQ (phase trajectory):

Following Eq. (8) given in Syganow and von Kitzing
(1995), for the monopolar approximation the logarithmic
slope becomes for small electric currents:

Integration of dx in Eq. (38) directly gives a relation for
the extremal concentration hE inside the channel. hE is pos-
itive (1 + hQ > 1) if the external concentrations are above
the equilibrium concentration, and negative (1 + hQ < 1) in
the other case:

Unfortunately, we know no analytic solution for these in-
tegrals. Because κQ becomes zero for h = hE, it contributes
most at this point to the integrals. Consequently, we ex-
pand κ 2

Q around hE and obtain:

This choice for κ leads to a “channel length”:
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with and B ∈{i, o}. Numerical

tests showed that this approximation works well as long as
hE is not too small, i.e., as long as the Debye length is not
too small compared to the channel length: λDH[1.

In dimensionless coordinates the resistance of the chan-
nel is given by [see Eq. (37) in our previous publication
(Syganow and von Kitzing 1995)]:

Here, we have the same difficulty as in the case of the length
calculation, the logarithm in the logarithmic slope prevents
an analytical solution of the integral. Therefore, we use the
same approximation as in the case of the channel length.
To reduce the effect at small hE, divide this result by the
approximate “channel length” given in Eq. (40). Taking
the reverse of the resistance we obtain the unit-free con-
ductivity s of the channel:

In the monopolar drift approximation the deviation 
from linear Ohm’s law is given by the characteristic charge
density ρc defined in Eq. (19). In unit-free notation we ob-
tain:

and the dimensionless characteristic current ic becomes:

Iterative solution of the PNP equation

For using Eq. (36) an initial estimate for the nonlinearity
H (x) is needed. The trivial choice is the constant field as-
sumption, i.e., to set H0 = 0. Then the electric field equals
FV/RTL. Sometimes one can also use the result of previ-
ous calculations. During the evaluation of current-voltage
curves, the final result of h at the previous voltage may
serve as the initial choice for H0 at the new voltage.
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w h h hB B E E= − +/( )1 A typical case of fixed point methods would be to cal-
culate h0 as a linear solution of Eq. (36) with H0 as the first
nonlinearity. In the next step, the nonlinearity is updated
using the simple relation: Hk+1 = hk . This procedure can be
repeated until convergence is obtained. Unfortunately, the
convergence of this procedure is often slow; the procedure
may even diverge. Therefore, we modified the simple fixed
point algorithm by introducing a calculated relaxation pa-
rameter α.

The procedure to solve the nonlinear PNP equation is
given in form of a pseudo code. The concentration c and
the respective h-function is discretized along the x-axis into
n grid points. Thus, h

r

, H
r

and E
r

are vectors. The dot · rep-
resents the Euclidian scalar product. The square implicitly
implies the scalar product. Because in the nonlinear prob-
lem H

r

equals h
r

, the difference between the two is used as
the convergence criteria. The new nonlinearity H

r

k+1 is cal-
culated from two previous solutions h

r

k and h
r

k–1:
H
r

k+1 :=α h
r

k + (1–α) h
r

k–1. αk is chosen to minimize the 
expected error, where a linear relationship between adja-
cent h

r

’s and H
r

’s is assumed:

This condition directly leads to the linear estimate of αk :

Using this relaxation coefficient αk to update the nonline-
arity H
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k+1 stabilizes the iteration considerably. For many
parameter choices it ensures a fast convergence:

The line search routine is included in this iterative proce-
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channel boundaries (cL, cR o cQ). For those cases the line
search algorithm improves the stability of the iterative so-
lution:

The major difference between the general iteration and the
line search procedure is that in the former the new nonlin-
earity is updated using h

r

k and h
r

k–1 and in the latter H
r

l and
H
r

0 are used.
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